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Herein, the parameters ߪǡ π ൐ Ͳ denote the noise intensity and the road frequency, respectively. Eq. (1) was 
transformed from the original way domain to time by ݀ݏ ൌ ݒҧ݀ݐ and ݀ ௦ܹ ൌ ξݒҧ݀ ௧ܹvia the vehicle speedݒҧ ൒ Ͳ. 
In the stationary case, the road level process ܼ௧ has the following spectrum ܵ௭ሺ߱ሻ and root-mean-square (rms) ߪ௭ǣ 
 
                                      ܵ௭ሺ߱ሻ ൌ  ఙ
మ௩ത
ఠమାሺ௩തπሻమ ǡߪ௭ଶ ൌ
ଵ
ଶగ׬ ܵ௭ሺ߱ሻ݀߱ ൌ
ఙమ
ଶπ
ାஶ
ିஶ Ǥሺʹሻ            
As already shown in [2], [3] and [4], the vehicle velocity ࢜ഥ is averaged out by integrating the road spectrum over 
all frequencies ȁ߱ȁ ൏ Ǥ Hence, the variance ߪ௭ଶcalculated in Eqn. (2), is independent on speed.  
                 
     Fig. 1: Power spectra of road level profiles in                Fig. 2: Quarter car model on random roads with 
      double-logarithm scales with related speeds ߥ                    profile ܼ௦ and ܼ௧ in way and time, respectively 
 
 
Fig. 1 shows numerical evaluations of Eq. (1) performed by means of the stochastic Euler scheme 
 
         ܼ௡ାଵ ൌ ܼ௡ െ ݒҧܼ௡οݐ ൅ ߪξݒҧο ௡ܹǡο ௡ܹ ൌ ௡ܰξοݐǤሺ͵ሻ   
                                                         
The recurrence formula (3) is applied for ݊ ൌ Ͳǡͳǡ ǥǡfor three speed parameters ߥ ൌ ݒҧȀ߱ଵ , the scan rate 
οݐ ൌ ͲǤͲʹ  and ͳͲ଺  sample points. Hereby, ௧ܹሶ ݀ݐ  is formally replaced by the increment ݀ ௧ܹ  of the Wiener 
process approximated by ο ௡ܹ ൌ ௡ܰξοݐ where ௡ܰ are normally distributed numbers with zero mean and mean 
square ܧሺ ௡ܰଶሻ ൌ ͳǤThe spectrum of the simulated excitation process is calculated by means of FFT-routines and 
plotted in double-logarithm scales related to any reference frequency ߱ଵ and mean square ߪ௭ଶǡ respectively. 
     The road level processܼ௧ is applied as base excitation of the quarter car model, shown in Fig. 2. The quarter 
car model of interest possesses two degrees of freedom described by the two equations of motion 
 
 ௧ܻሷ ൅ ʹܦ߱ଵܴ௧ሶ ൅ ߱ଵଶܴ௧ ൌ Ͳǡܴ௧ ൌ ௧ܻ െ ܺ௧ǡ 
                            ܺ௧ሷ െ ʹܦ߱ଵߤܴ௧ሶ െ ߱ଵଶߤܴ௧ ൅ ߱ଶଶሺܺ௧ െ ܼ௧ሻ ൌ ͲǤ 
 
Herein, ௧ܻ and ܺ௧denote the absolute vibration coordinates of vehicle and wheel masses ܯ and݉, respectively. 
The process ܴ௧ is the relative motion of both masses. They are connected to the base or ground by an upper and 
lower spring with the stiffness constants ܿ and݇, respectively. The viscous damper models the energy dissipation 
between both masses. The equations of motion possess the following system parameters: 
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                               ߱ଵଶ ൌ ௖ெ ,      ߱ଶଶ ൌ
௞
௠ ǡʹܦ߱ଵ ൌ
௕
ெǡ       ߤ ൌ
ெ
௠Ǥ 
 
Finally, it is appropriate to introduce the vibration velocities ௧ܻሶ ൌ ௧ܸ and ܺ௧ሶ ൌ ௧ܷ into the equations of motion, 
and to scale all state processes by the root-mean-square of the base excitation, as follows:  
 
                                   
ሺ ௧ܻǡ ௧ܸ ǡ ܺ௧ǡ ௧ܷ ǡ ܼ௧ሻ ൌ ߪ௭ሺ തܻ௧ǡ തܸ௧ǡ തܺ௧ǡ ഥܷ௧ǡ ҧܼ௧ሻǡ 
                                   ݀ ҧܼ௧ ൌ െݒഥ ҧܼ௧݀ݐ ൅ ξʹݒҧ݀ ௧ܹǡ ߪ௭ ൌ ߪȀξʹπǤ 
 
In the stationary case, the scaled base excitation possesses the normalized square meanܧሺ ҧܼ௧ଶሻ ൌ ͳ.  
 
1. Simulation Schemes Derived by Multiply Iterated Integrals 
    To derive simulation schemes of high order, the equations of motion of vehicle and wheel as well as the road 
equation are written into the following vector forms of increment equations (see also Ref. [5]): 
                              ݀ ௧ܸ ൌ ܣࢂ௧݀ݐ ൅ ࢍ݀ ௧ܹǡ݊ ൌ Ͳǡͳǡʹǡ ǥ ሺͶሻ        
                                  ࢂ௧ାο௧ሺ௡ାଵሻ ൌ ࢂ௧ ൅ ܣ ׬ ࢂఛሺ௡ሻ݀߬௧ାο௧௧ ൅ ࢍ׬ ݀ ఛܹǤሺͷሻ
࢚ାο࢚
࢚ 

With the initial value ௧ܸ ǡ the integral equation (5) is equivalent to the stochastic differential vector equation (4). 
The Eq. (5) is iteratively solved for ݊ ൌ Ͳǡͳǡ ǥ starting with the zero solution܄தሺ଴ሻ ൌ ܄୲. The iteration procedure 
leads to multiply iterated integrals which are evaluated in the mean square sense. This procedure results in 
 
                                  ࢂ௧ାο௧ ൌ ࢂ௧ ൅ ܤࢂ௧οݐ ൅ ࢎο ௧ܹǤሺ͸ሻ 
 
The result (6) is an explicit simulation scheme (see Ref. [6]) with drift ܤ and diffusionࢎ, as follows: 
 
                                    ܤ ൌ ቂܫ ൅ ଵଶǨ ሺܣοݐሻ ൅ǥ
ଵ
ሺ௡ାଵሻǨ ሺܣοݐሻ௡ ǥ ቃܣǡሺ͹ሻ 
                                    ࢎ ൌ ቂܫ ൅ ଵଵǨξଷሺܣοݐሻ ൅ǥ
ଵ
௡Ǩξଶ௡ାଵሺܣοݐሻ௡ ǥ ቃࢍǤ  (8) 
 
The m-dimensional vector equation (6) is multiplied by its transposed form in order to derive the following 
extended stationary covariance equation [7] of the ݉ ൈ݉-dimensional covariance matrix ܲ ൌ ܧሺࢂ௧ࢂ࢚ࢀሻǣ  
 
                                     ܤܲ ൅ ܲܤ் ൅ ܤܲܤ்οݐ ൅ ࢎࢎ் ൌ ͲǤሺͻሻ 
 
     Fig. 3 and 4 show rms-values ߪ௬തand ߪ௫ҧ of the stationary vehicle and wheel vibrations, respectively, for the 
frequencies߱ଵ ൌ ͳ߱ଶ ൌ ͳͲ, the scan rate οݐ ൌ ǤͲʹͷǡ the mass ratio ߤ ൌ Ͷ and the damping valuesܦ ൌ
ǤͲ͵ǡͲǤͲͷǤͳ. All rms-results are calculated by means of the covariance equation (9) or simulated via the 
integration scheme (6) applied for οݐ ൌ ǤͲʹͷand ͳͲ଻sample points. The results are plotted over the speed 
parameter ݒҧ with a linear scaling in the first two ranges and a hyperbolic one in the last range, as follows:   
 

Ͳ ൑ ߣ ൑ ͳǣ ሺݒҧሻூ ൌ ߣ߱ଵǡ
ͳ ൑ ߣ ൑ ʹǣ ሺݒҧሻூூ ൌ ሺʹ െ ߣሻ߱ଵ ൅ ሺߣ െ ͳሻ߱ଶǡ
ʹ ൑ ߣ ൑ ͵ǣ ሺݒҧሻூூூ ൌ ߱ଶȀሺ͵ െ ߣሻǤ
                                                (10) 
172   Walter V. Wedig /  Procedia IUTAM  6 ( 2013 )  169 – 179 
Obviously, there are two resonant speeds: a first one near ߱ଵwhere the red rms-values of the vehicle vibrations 
become resonant, and a second one near ߱ଶ where the blue rms-values of the wheel vibrations are maximal. For 
vanishing speed, there are no magnifications; i.e. vehicle and wheel follow the road level, identically. For 
infinitely increasing speed, all system responses are vanishing. In both figures 3 and 4, fourth order schemes are 
applied. In Fig. 3, it is shown by broken blue lines that lower schemes of the 2nd or 3rd order lead to less accurate 
results at least for higher speed and smaller damping. In Fig. 4, simulated rms-results of ߪ௬ത  andߪ௫ҧ are marked by 
red circles and blue squares, respectively.  Green diamonds stand for measured values ߪ௭ҧof the base excitation.   
 
 
               
              
              Fig. 3: RMS-values calculated by Eq. (9)                         Fig. 4: RMS-results simulated by Eq. (6) and  
                 applying 2nd , 3rd and 4th order schemes                                    marked by red circles and blue squares 
 
 
Note that the applied method of multiply iterated integrals leads to the drift matrix ܤ that coincides in the form  
ܫ ൅ ܤοݐ with the exponential matrix ሺܣοݐሻ of linear homogenous systems. However, the diffusion vector ࢎ, 
noted in Eq. (8), is different and new. It possesses an additional scaling by the square root of ʹ݊ ൅ ͳǤ This is a 
consequence of the mean square analysis applied in order to evaluate the multiply iterated integrals, explicitly.   
     For details, consider the iterated double integral ܫଵǡ௧Ǥ It can easily be once integrated with respect to noise as 
well as with respect to time by interchanging the sequence of both integrations. Both integrations yield  
 
                           ܫଵǡ௧ ൌ ׬ ׬ ݀ ఛܹభ݀߬
ఛ
௧
௧ାο௧
௧ ൌ ׬ ሺ ఛܹ െ ௧ܹሻ݀߬ǡ
௧ାο௧
௧ ሺͳͳሻ 
                           ܫଵǡ௧ ൌ ׬ ሺݐ ൅ οݐ െ ߬ଵሻ௧ାο௧௧ ݀ ఛܹభ ൌ
ଵ
ξଷο ௧ܹοݐǤሺͳʹሻ  
 
Obviously, the noise-time integral (11) can also be derived from the time-noise integral (12) by means of the rule 
of partial integration. Both integrals are normally distributed and stationary with zero mean and mean square 
independent on time. For all time and noise increments, the double integral ܫଵǡ ݐ is proportional to the integration 
area ο ௧ܹοݐ with the proportional factor 1/ξ͵ . This factor is calculated in mean square, as follows: 
 
                          ܧ(ܫଵǡ௧ଶ ሻ ൌ ׭ ܧሾሺ ఛܹభ െ ௧ܹሻሺ ఛܹమ െ ௧ܹሻሿ݀߬ଵ݀߬ଶ ൌ ଵଷ
௧ାο௧
௧ οݐଷǡሺͳ͵ሻ 
          ܧ(ܫଵǡ௧ଶ ሻ ൌ ׭ ሺ ൅ ο െ ɒଵሻሺ ൅ ο െ ɒଶሻ௧ାο௧௧ ܧሺ݀ ఛܹభ݀ ఛܹమሻ ൌ
ଵ
ଷ οݐଷǤሺͳͶሻ 
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The result in Eq. (13) is obtained applying ܧ൫ ௧ܹభ ௧ܹమ൯ ൌ ሺݐଵǡ ݐଶሻǤThe expectation integral (14) is even more 
simple since it is evaluable by means of ܧ൫݀ ௧ܹభ݀ ௧ܹమ൯ ൌ Ͳ for ݐଵ ് ݐଶ andܧሺ݀ ௧ܹଶሻ ൌ ݀ݐ. 
       Multiply iterated integrals as e.g. ܫସǡ௧are evaluated in analogous manner. Taking into account that the square 
means and higher mean values of multiply iterated integrals are stationary and therefore independent on time, 
these integrals can be simplified by the initial values ݐ ൌ Ͳ and ଴ܹ ൌ Ͳ. Therewith, ܫସǡ௧ is integrated to obtain 
             
              ܫସǡ௧ ൌ ׬ ׬ ׬ ׬ ׬ ݀ ఛܹర݀߬ଷ݀߬ଶ݀߬ଵ݀߬
ఛయ
଴
ఛమ
଴
ఛభ
଴ 
ఛ
଴
ο௧
଴ ൌ
ଵ
ସǨξଽ ο ௧ܹοݐସǡሺͳͷሻ 
                             ܫସǡ௧ ൌ ଵସǨ׬ ሺοݐ െ ߬ସሻସ
ο௧
଴ ݀ ఛܹర ൌ
ଵ
ଷǨ ׬ ሺοݐ െ ߬ଷሻଷ
ο௧
଴ ఛܹయ݀߬ଷǤ  
 
By means of these results, the mean square of ܫସǡ௧ is calculated to  
                           
ܧ൫ܫସǡ௧ଶ ൯ ൌ ଵሺଷǨሻమ ׭ ሾሺοݐ െ ߬ଵሻሺοݐ െ ߬ଶሻሿଷ
ο௧
଴ ሺ߬ଵǡ ߬ଶሻ ݀߬ଵ݀߬ଶ ൌ
ଵ
ଽሺସǨሻమ οݐଽǡሺͳ͸ሻ 
ൌ ଵሺସǨሻమ ׭ ሾሺοݐ െ ߬ଵሻሺοݐ െ ߬ଶሻሿସ
ο௧
଴ ܧሺ݀ ఛܹభ݀ ఛܹమሻ ൌ
ଵ
ሺସǨሻమ ׬ ሺοݐ െ ߬ଵሻ଼݀߬ଵ
ο௧
଴ Ǥ      
 
Taking into account thatܧሺο ௧ܹଶሻ ൌ οݐ, the result in Eq. (16) coincides with the mean square of the right-hand 
side of Eq. (15).  In the case of cubic-progressive wheel suspensions, the iteration procedure leads e.g. to   
 
                     ܬ ൌ ׬ ሾ׬ ݀ ఛܹଵఛ௧
௧ାο௧
௧ ሿଶ݀߬ ൌ ׬ ሺ ఛܹଶ െ ʹ ఛܹ ௧ܹ ൅ ௧ܹଶሻ
௧ାο௧
௧ ݀߬ ൌ ߙο ௧ܹଶοݐ ൅ ߚοݐଶǤ 
 
For Į, ȕ > 0, this set-up is evaluated in the mean-square sense again by calculating the first two moments ܧሺܬሻ 
and ܧሺܬଶሻ that leads to Į = 1/ξ͸ ൎ ͲǤͶͲͺ and ȕ = (1 – 2/ξ͸ )/2ൎ0.092.                                     
 
2. Extensions to Inversely Scaled Speed Parameters  
    In the following, the time-discrete covariance equation (9) as well as the simulation scheme by means of  the 
explicit integration routine (6) are applied to the three-degrees-of-freedom system, shown in Fig. 5. Obviously, it 
represents an extended quarter car model described by the three equations of motion  
 
                              ܴ௧ሷ ൅ ߱ଷଶሺܴ௧ െ ௧ܻሻ ൌ Ͳǡܼ௧ሶ ൅ ݒҧπܼ௧ ൌ ߪξݒҧ ௧ܹሶ ǡ                    
                              ௧ܻሷ ൅ ߱ଵଶሺ ௧ܻ െ ܺ௧ሻ ൅ ʹܦ߱ଵ൫ ௧ܻሶ െ ܺ௧ሶ ൯ െ ߱ଵଶߢሺܴ௧ െ ௧ܻሻ ൌ Ͳǡ 
                             ܺ௧ሷ ൅߱ଶଶሺܺ௧ െ ܼ௧ሻ െ ߱ଵଶߤሺ ௧ܻ െ ܺ௧ሻ െ ʹܦ߱ଵߤሺ ௧ܻሶ െ ܺ௧ሶ ሻ ൌ ͲǤ  
 
Herein, ܴ௧ǡ ௧ܻܺ௧are the vibration coordinates of load mass, vehicle and wheel ݉ଶǡܯand ݉ଵǡrespectively. 
The equations of motion possess the frequencies߱௞ଶ, the damping measure D, the ratios μ and ț, as follows:     
 
                               ߱ଵଶ ൌ ௖ெǡ߱ଶଶ ൌ
௞భ
௠భ ǡ߱ଷ
ଶ ൌ ௞మ௠మ ǡʹܦ߱ଵ ൌ
௕
ெ ǡߤ ൌ
ெ
௠భ ǡߢ ൌ
௞మ
௖ Ǥ 
 
The process ܼ௧  describes the base excitation of the quarter car model. It is generated by white noise ௧ܹሶ  of 
intensityߪ. As already noted in Eq. (1), the parameters ݒҧ and π are the vehicle speed and the road frequency, 
respectively.  Together with the time derivatives ሶܴ ௧ ൌ ܳ௧ǡ ሶܻ௧ ൌ ௧ܸ ሶܺ௧ ൌ ௧ܷ, all state processes are scaled by  
 
                               ሺܴ௧ǡ ܳ௧ǡ ௧ܻ ǡ ௧ܸ ǡ ܺ௧ǡ ௧ܷ ǡ ܼ௧ሻ ൌ ߪ௭ሺ തܴ௧ǡ തܳ௧ǡ തܻ௧ǡ തܸ௧ǡ തܺ௧ǡ ഥܷ௧ǡ ҧܼ௧ሻǤ 
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Herein,ߪ௭ is the rms value of the base excitation by road level profiles. Fig. 6 shows simulated rms-ratios of the 
stationary  vehicle and wheel vibrations marked by red circles and blue squares, respectively. They are obtained 
by the simulation scheme (6) of eighth order applying the scan rate οݐ ൌ ǤͲʹ for ͳͲ૟sample points. Solid lines 
represent corresponding exact results calculated by means of the classical covariance equation forοݐ ൌ ͲǤ In 
correspondence to the scaling (10), all obtained results are plotted versus the speed parameter with an adapted 
linear scaling in the first three ranges and a hyperbolic one in the last range. The applied system data are߱ଵ ൌ
ͳǡ ߱ଶ ൌ ͳͲǡ ߱ଷ ൌ ʹͲǡ ߤ ൌ ͸ǡ ߢ ൌ Ǥͳǡ ܦ ൌ ͲǤͲͷǡ ͲǤͳͲǤʹǤThe simulation routine (6) was evaluated for the scan 
rate οݐ ൌ ǤͲʹ applied for ͳͲ଺sample points. Obviously, there are three resonant speeds: a first one near ߱ଵ where 
the vehicle vibrations are resonant, a second one near ߱ଶ  where the rms-values of the wheel vibrations are 
maximal, and a third one near߱ଷ, where the load mass vibrates in resonance. Again, there are no magnifications 
when the vehicle stops, and all rms-values of the system responses are vanishing for infinitely increasing speed. 
Corresponding rms-results of the additional load mass are drawn by green lines. They are calculated by means of 
Eq. (9) for the same time steps. Associated simulation results for the step size οݐ ൌ ͲǤͲʹare less accurate and  
therefore, not marked since they deviate too  much from the green lines calculated by Eq. (9).  
 
                                           
             Fig. 5: Quarter car model extended by                     Fig. 6:  Rms-values ߪ௬തǡ ߪ௫ҧҧ ǡ ߪ௥ҧ  marked by red, blue,    
              an additionally coupled  load mass                               respectively green lines versus speed parameter  
     
 
In the next two figures 7 and 8, the influences of decreasing scan rates and growing order of the applied schemes 
are calculated for the same system data ߱ଵ ൌ ͳǡ߱ଶ ൌ ͳͲǡ ߱ଷ ൌ ʹͲǡ ߤ ൌ ͸ǡ ߢ ൌ Ǥͳǡ ܦ ൌ ǤͲͷǡ ͲǤͳͲǤʹǡas above. 
Again, the calculated rms-ratios of the stationary wheel, vehicle and load vibrations are marked by red, blue and 
green lines, respectively, plotted versus the road frequency times the vehicle speed with the same scaling, as 
before. Fig. 7 shows rms results for the scan rate οݐ ൌ ͲǤͲʹǤ Only, 8th order results are marked by solid lines, 
meanwhile 6th and 7th order results are marked by broken lines. The results of lower order schemes are only 
visible for the additional load mass. Fig. 8 shows corresponding rms results of the stationary system vibrations 
for second and first order schemes applying the scan rate οݐ ൌ ͲǤͲͲͲͳǡ which is much smaller than before. 
Results of the second order scheme are marked by solid lines meanwhile interrupted lines indicate corresponding 
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results of a first order Euler scheme. Obviously, both schemes coincide only in the low speed range up to the first 
frequency of the road-vehicle system. For increasing speed, deviations between first and second order results are 
increasing. In the third frequency range near ߱ଷ ൌ ʹͲǡ first and second order rms results of the load vibrations 
reach errors of about 100 %.  In this range, the first order green rms results of the loading mass, marked by 
broken green lines, are close to the red solid lines of the rms-results of the vehicle vibrations. Finally, it should be 
mentioned that increasing damping reduces the vehicle and wheel vibration in the entire speed range. However, 
this is completely different for the load mass vibrations. The associated green lines indicate vibration reductions 
in the slow speed range, only. But, there are strong magnifications of the load mass vibrations when the vehicle 
speed reaches the third frequency range around  ߱ଷ ൌ ʹͲǤ   
 
               
                  
 
                 Fig. 7: Rms-values calculated up to the 8th                   Fig. 8: First and second order rms-values   
                            order over the related vehicle speed                   by interrupted and solid lines, respectively 
 
                                                                                        
     Both figures, above, show clearly that time-discrete calculations and simulations of rms-values of vehicle 
vibrations are only performable in low frequency speed ranges. For growing speed, however, the simulation 
become numerically unstable. To avoid these instabilities, multi-scaled speed parameters are introduced and 
extended to inversely scaled speed parameters. The technique of inverse scaling is applied to a one-degree-of-
freedom system, described by the equations of motion  
                                         
 ሶܼ௧ ൅ ߥҧπܼ௧ ൌ ߪξߥҧ ௧ܹሶ ǡ ሶܺ௧ ൌ ߱ଵ ௧ܷǡ  
                                         
ሷܺ௧ ൅ ʹܦ߱ଵ൫ ሶܺ௧ െ ሶܼ௧൯ ൅ ߱ଵଶሺܺ௧ െ ܼ௧ሻ ൌ ͲǤ 
 
Introducing the velocity ௧ܷ and scaling all processes byሺܺ௧ǡ ௧ܷ ǡ ܼ௧ሻ ൌ ߪ௭ሺ തܺ௧ǡ ഥܷ௧ǡ ҧܼ௧ሻ, the describing differential 
equations are rewritten into the equivalent first order form approximated by the stochastic Euler scheme    
                                             
                                         
ҧܼ௧ାο௧ ൌ ҧܼ௧ െ ݒҧπ ҧܼ௧οݐ ൅ ξʹݒҧπο ௧ܹǡ  തܺ௧ାο௧ ൌ തܺ௧ ൅߱ଵ ഥܷ௧οݐǡሺͳ͹ሻ 
                                         
ഥܷ௧ାο௧ ൌ ഥܷ௧ െ ߱ଵሺ തܺ௧ െ ҧܼ௧ሻοݐ െ ʹܦሺ߱ଵ ഥܷ௧ ൅ ݒҧπ ҧܼ௧ሻοݐ ൅ ʹܦξʹݒҧπο ௧ܹǤሺͳͺሻ 
 
Herein, the frequency-speed parameter ݒҧπ can be related to ߱ଵthat gives the speed ratio ߥ ൌ ݒҧπȀ߱ଵǤ  
    For small speedǡtime and noise are scaled by ο߬ ൌ ߱ଵοݐand ο ఛܹ ൌ ξ߱ଵο ௧ܹǤ The introduction of this ߬ –
scaling into the Eqn. (17) and (18) leads to the two stability conditions   
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                                                     ο߬ ൏ ʹܦǡߥο߬ ൏ ʹǤ 
 
Hence, the ߬-simulation is only asymptotically stable when the scan rate ο߬  is smaller than the double car 
damping. For growing speed, however, the excitation process becomes unstable for each finite step size ο߬ ൐ Ͳǡ 
when ߥο߬ ൐ ʹǤ For high speeds, time and noise are inversely scaled byοߪ ൌ ݒҧποݐandο ఙܹ ൌ ξݒҧπο ௧ܹǤThe 
introduction of this ߪ-timing into the stochastic Euler schemes (17) and (18) leads to the stability conditions 
 
                                                    
ଵ
ఔ οߪ ൏ ʹܦǡοߪ ൏ ʹǤ 
 
Consequently, the ߪ-simulation is stable for infinitely increasing speed, but not applicable when the vehicle is 
slowed down for finite simulation time stepsοߪ ൐ Ͳ. Fig. 9 and 10 show corresponding results calculated by the 
extended covariance equation (9) for the damping valuesܦ ൌ ͲǤͲͷǡͲǤͳͲǤʹ. The obtained results are plotted 
versus the speed ratio Ȟ applying a linear scaling in the first speed range and a hyperbolic one in the second half. 
Red lines represent rms-results of the vehicle vibrations. For vanishing vehicle speed, these related rms-results 
start with one und end with zero for infinitely increasing speed. Vice versa, the blue lines of the velocity rms-
results ߪ௨ഥstart with zero and end with finite rms-values for infinitely increasing vehicle speed. Interrupted lines 
represent related rms values of all state processes calculated by means of first order covariance equations for the 
scan rates ο߬ ൌ ǤͲͳandοߪ ൌ ǤͲͳ, respectively. Corresponding results of second order co-variance equations are 
plotted by solid lines. Higher order results of the covariance equation (9) are not drawn in both figures because 
they do not bring visible improvements of accuracy.  
 
       
                         
                Fig. 9: RMS-values calculated by Eq. (9)                 Fig. 10: RMS-results by inverse time scaling, 
                     with broken lines for first order results                         with solid lines for second order results 
 
 
3. Covariance Analysis of Stochastic Duffing Oscillators  
     In a first step of investigation, the covariance analysis of nonlinear road-vehicle systems is restricted to a 
quarter car  model with one degree of freedom, shown in Fig. 11. The describing equation of motion is given by 
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 ሷܴ ௧ ൅ ʹܦ߱ଵ ሶܴ௧ ൅ ߱ଵଶሺͳ ൅ ߛܴ௧ଶሻܴ௧ ൌ െ ሷܼ௧ǡ           
ܴ௧ ൌ ௧ܻ െ ܼ௧ǡ ሷܼ௧ ൌ െߪ ଵ߱ଷȀଶ ሶܹ ௧Ǥ 
 
This equation of motion describes the relative car vibration ܴ௧  in the special case of base excitations by 
acceleration noise ሷܼ௧̱ ሶܹ ௧  with the consequence that car speeds do not influence the vehicle vibrations. The 
introduction of the vibration velocity ܴ௧ሶ ൌ ߱ଵܳ௧and the related processes ሺܴ௧ǡ ܳ௧ሻ ൌ ߪ௥ሺ തܴ௧ǡ തܳ௧ሻ  as well as time 
and noise increments by ݀߬ ൌ ߱ଵ݀ݐ and ݀ ఛܹ ൌ ξ߱ଵ݀ ௧ܹ leads to the stochastic differential equations 
                                   
݀ തܴఛ ൌ തܳఛ݀߬ǡߪ௥ ൌ ߪȀξͶܦǡߛҧ ൌ ߛߪଶȀሺͶܦሻǡሺͳͻሻ 
                            ݀ തܳఛ ൌ െሾʹܦ തܳఛ ൅ ሺͳ ൅ ߛҧ തܴఛଶሻ തܴఛሿ݀߬ ൅ ʹξܦ݀ ఛܹǤሺʹͲሻ 
 
Herein, ߛҧ is a new nonlinearity parameter and ߪ௥ଶis the square mean of the linear car vibrations that normalizes 
ܧሺ തܴఛଶሻ ൌ ͳǤ In the nonlinear case [8], both car vibrations possess the stationary joint density  
 
                               ݌ሺݎǡ ݍሻ ൌ ܥ ቀെ ௥మଶ െ
௥ర
ସ ߛҧ െ
௤మ
ଶ ቁ ǡȁȁǡ ȁȁ ൏ λǤሺʹͳሻ 
 
Herein, ܥ is a constant determined by the integral that normalizes the two-dimensional density function (21).              
                
 
             Tab. 1: Calculated and simulated closure factors                                        
 
ߛҧ ݒସ ݒ଺ ݒҧସ ݒҧ଺ 
ͲǤͲͲ ͵ǤͲͲ ͳͷǤͲͲ ʹǤͻ͹ͻͷ ͳͶǤ͸͸Ͷ 
ͲǤͲͷ ʹǤͺͳͻ͵ ͳʹǤͷͶͶ ʹǤͺͲ͵Ͳ ͳʹǤͶͲʹ 
ͲǤͳͲ ʹǤ͹ʹͻͷ ͳͳǤͶͻͺ ʹǤ͹ͳ͸͹ ͳͳǤͶͲͻ 
ͲǤʹͲ ʹǤ͸͵ͳ͹ ͳͲǤͶ͵ͺ ʹǤ͸ʹʹʹ ͳͲǤ͵ͺʹ 
ͲǤͶͲ ʹǤͷ͵͸ͻ ͻǤͶͻͳ͸ ʹǤͷʹͺͷ ͻǤͶʹ͹ͺ 
ͲǤ͸Ͳ ʹǤͶͺ͸ͷ ͻǤͲͳ͹Ͳ ʹǤͶ͹͹Ͷ ͺǤͻ͵ͺͺ 
ͲǤͺͲ ʹǤͶͷ͵ͺ ͺǤ͹ͳͺͶ ʹǤͶͶͷͷ ͺǤ͸Ͷͳͺ 
ͳǤͲͲ ʹǤͶ͵Ͳʹ ͺǤͷͲͺ͵ ʹǤͶʹͶͳ ͺǤͶͶͶ͸ 
                                                                                                                    Fig. 11: Stochastic Duffing oscillator                 
 
 
Note that the two-dimensional density distribution (21) is independent on the damping parameter  ܦ. Negative 
damping coefficients, however, destabilize the stationary oscillator vibrations. According to [9], the nonlinear 
oscillator described by Eqn. (19) and (20), can be destabilized even when the damping is strictly positive but 
weak. Fig. 12 shows simulation results of the rms-values of the stationary system processes തܴఛ and തܳఛ for the 
values ߛҧ  ൌ ͲǤͳǡ ͲǤͶǡ ͳǤͲ and the scan rate ο߬ ൌ ͲǤͲʹ applied for ͳͲ଺  sample points. The associated numerical 
results are marked by solid red and blue lines plotted versus the damping values in the range Ͳ ൏ ܦ ൏ ͳǤThe rms 
results in Fig. 12  are obtained by means of the second order simulation scheme 
 
                              
തܴఛାοఛ ൌ തܴఛ ൅ തܳఛο߬ െ ሺʹܦ തܳఛ ൅ തܴఛ ൅ ߛҧ തܴఛଷሻο߬ଶȀʹ ൅ ʹξܦο߬ο ఛܹȀξ͵ǡሺʹʹሻ             
 തܳఛାοఛ ൌ തܳఛ െ ሺʹܦ തܳఛ ൅ തܴఛ ൅ ߛҧ തܴఛଷሻο߬ ൅ ʹξܦሺͳ െ ʹܦο߬Ȁξ͵ሻο ఛܹ ൅                    
൅ሾሺͶܦଶ െ ͳሻ തܳఛ ൅ ʹܦሺ തܴఛ ൅ ߛҧ തܴఛଷሻ െ ͵ߛҧ തܴఛଶ തܳఛሿο߬ଶȀʹ ൅ ܱሺο߬ଷǡ ο߬ଶο ఛܹሻǤሺʹ͵ሻ    
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This scheme is derived by means of the method of multiply iterated integrals. Note, that black interrupted lines in 
Fig. 12 represent rms-values calculated by the stationary density (21). Obviously, there is a good coincidence 
between both, the black and colored lines in wide ranges of strong damping. For weak damping, however, the 
simulation becomes unstable. To derive this instability, analytically, the behavior of the Duffing oscillator is 
investigated by the second order co-variances  ଵܲଵ ൌ ܧሺ തܴఛଶሻǡ ଵܲଶ ൌ ܧሺ തܴఛ തܳఛሻǡ ଶܲଶ ൌ ܧሺ തܳఛଶሻǤThey are derived by 
squaring the two simulation equations (22) and (23). The expected values of  the squared equations  lead to  
 
                           ଵܲଵሺ߬ ൅ ο߬ሻ ൌ  ଵܲଵሺ߬ሻ ൅ ʹ ଵܲଶሺ߬ሻο߬ ൅ ሺ ଶܲଶ െ ʹܦ ଵܲଶ െ ଵܲଵ െ ߛҧ ଵܲଵଵଵሻο߬ଶǡሺʹͶሻ 
                           ଵܲଶሺ߬ ൅ ο߬ሻ ൌ  ଵܲଶሺ߬ሻ ൅ ሾ ଶܲଶሺ߬ሻ െ ʹܦ ଵܲଶ െ ଵܲଵ െ ߛҧ ଵܲଵଵଵሿο߬ ൅ Ͷܦο߬ଶȀξ͵൅ 
                                         ൅ሾʹሺܦଶ െ ͳሻ ଵܲଶሺ߬ሻ െ ͵ܦ ଶܲଶሺ߬ሻ ൅ ܦሺ ଵܲଵ ൅ ߛҧ ଵܲଵଵଵሻ െ ͵ߛҧ ଵܲଵଵଶሺ߬ሻሿο߬ଶǡሺʹͷሻ 
                           ଶܲଶሺ߬ ൅ ο߬ሻ ൌ ଶܲଶሺ߬ሻ െ ʹሾʹܦ ଶܲଶ ൅ ଵܲଶ ൅ ߛҧ ଵܲଵଵଶሿο߬ ൅ ሾሺͺܦଶ െ ͳሻ ଶܲଶ ൅ ͸ܦ ଵܲଶ ൅ 
                                ൅ߛҧ ଵܲଵଵଶ ൅ ʹߛҧ ଵܲଵଵଵ ൅ ߛҧଶ ଵܲଵଵଵଵଵ െ ͵ߛҧ ଵܲଵଶଶ ൅ ଵܲଵሿο߬ଶ ൅ Ͷܦሺͳ െ Ͷܦο߬Ȁξ͵ሻο߬Ǥ          (26)             
 
Stationary co-variances are independent on time, i.e. ௜ܲ௝ሺ߬ ൅ ο߬ሻ ൌ ௜ܲ௝ሺ߬ሻǤTherewith, Eqn. (24), (25) and (26) 
are simplified representing an infinite linear system for all higher order co-variances [10]. These equations are   
reduced to a finite nonlinear equation system by applying the closure conditions      
 
                                  ଵܲଵଵଵ ൌ ܧሺ തܴఛସሻ ൌ ݒସ ଵܲଵଶ ǡ ଵܲଵଵଵଵଵ ൌ ܧሺ തܴఛ଺ሻ ൌ ݒ଺ ଵܲଵଷ ǡሺʹ͹ሻ 
                                  ଵܲଵଵଶ ൌ ܧሺ തܴఛଷ തܳఛሻ ൌ Ͳǡ ଵܲଵଶଶ ൌ ܧሺ തܴఛଶ തܳఛଶሻ ൌ ଵܲଵ ଶܲଶǤሺʹͺሻ 
 
For normally distributed processes, the v-factors are given by  ݒସ ൌ ͵ and ݒ଺ ൌ ͳͷ. In the nonlinear case, both 
factors are calculated by the stationary density (21) or by means of the simulation equations (22) and (23). For 
the selected ߛҧ -values, Tab. 1 contains numerical results of the calculated closure factors ݒସǡ ݒ଺and of the 
simulated factorsݒҧସǡݒҧ଺, respectively. The latter results are obtained for ܦ ൌ ͲǤͷǡ ο߬ ൌ ͲǤͲʹand ͳͲ଺samples.  
 
 
       Fig. 12: Simulated rms-values ඥ ଵܲଵ  and ඥ ଶܲଶ                           Fig. 13: Hopf bifurcation of stationary rms  
                marked by red and blue lines, respectively                                       into stable and unstable branches 
 
 
According to [11], the application of the closure conditions (27) and (28) reduces the stationary covariance 
equations to the following polynomial which is of third degree with respect to the stationary rms-value ଵܲଵǣ   
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Herein, the coefficients ݌௞ are determined by the values of ܦǡ ο߬ǡ ߛҧǡ ݒସݒ଺ǤHence, three stationary solutions, 
respectively three roots of the polynomial are calculable. They are plotted in Fig. 13 versus the system damping 
in the range Ͳ ൏ ܦ ൏ ͲǤͲͳfor ο߬ ൌ ͲǤͳand ߛҧ ൌ ͳǤ Herein, the interrupted lines represent stationary variances 
௜ܲ௝௨௦ which are obviously unstable or even negative and therefore physically not existent. The two stable variances 
of interest, namely ଵܲଵ௦௧ ൌ ܧሺ തܴఛଶሻ  and  ଶܲଶ௦௧ ൌ ܧሺ തܳఛଶሻ , are marked by solid red and blue lines, respectively. 
According to the simulation results in Fig. 12, they are existent and stable up to small damping values. As shown 
in Fig. 13, the stationary variance solutions bifurcate into periodic variances when the two branches of ଵܲଵ௨௦ and  
ଵܲଵ௦௧come together. In the range of small damping values where ଵܲଵ௨௦ and  ଵܲଵ௦௧ vanish and are not really existent, 
the stationary condition leads to two conjugate complex solutions indicating a transition into periodic variances.  
 
4. Conclusion 
The paper introduces simulation schemes of high order and correspondingly extended covariance equations. Both 
are derived by multiply iterated integrals and applied in road-vehicle dynamics. Running on roads, vertical car 
vibrations are generated. They depend on the car velocity and become resonant when the vehicle speed parameter 
is near the natural frequencies of the car model.  
Systematic errors, caused by finite time steps of the applied discrete integration scheme, are discussed in 
dependence on the car speed. They are compared with strong solutions of the linear road-vehicle systems 
calculable by classical covariance equations for vanishing step sizes. To avoid numerical instabilities when car 
speed is growing, infinitely, inverse scales of speed ratio are introduced into the time domain. 
The modeling of vehicles is extended to nonlinear wheel suspensions with cubic-progressive springs. Introducing 
relative displacement co-ordinates, stationary solutions are approximated by second order simulation schemes 
and associated nonlinear covariance equations. The results, obtained for the stochastic Duffing oscillator, show 
that for weak damping the stationary square-mean response of the car bifurcate into periodic variance solutions.  
 
References 
 
[1] Wedig W. Dynamics of  Cars Driving on Stochastic Roads. Proceedings of Computational Stochastic Mechanics; ed. by Spanos &  
      Deodatis, Millpress, Rotterdam; 2003, p. 647-654 
[2] Sobczyk K, MacVean DB & Robson JD. Response to Profile-Imposed Excitation With Randomly Varying Transient Velocity. 
      Journal of Sound and Vibration1977; 52 (1); p. 37-49 
[3] Davis BR &Thompson AG. Power Spectral Density of Road Profiles. Vehicle Systems Dynamics 2001; 35 (6), p. 409-415 
[4] Popp K & Schiehlen W. Fahrdynamik, B.G. Teubner, Stuttgart, 1993 
[5] Talay D. Simulation and Numerical Analysis of Stochastic Differential Systems: A Review. Probabilistic Methods in Applied Physics 
      451. Lecture Notes in Physics, ed. by  Krée & Wedig, 54-96, Springer, 1995 
[6] Wedig WV. Resonances of Road-Vehicle Systems with Nonlinear Wheel Suspensions, Proceedings of the IUTAM-Symposium on  
       Dynamics, Modeling and Interaction Control in Real and Virtual Environments; ed. by Stepan, Kovacs & Toth, Springer 2010; 
       IUTAM - Bookseries 30, p. 83-90 
[7] Wedig WV. Digital Simulation of Road-Vehicle Systems. Probabilistic Engineering Mechanics 2012; 27 (1), p. 82-87 
[8] Caughey TK. Derivation and application of the Fokker-Planck equation,   J. Acoust. Soc. America 1963, 35, p. 1683. 
[9] Arnold L &  Imkeller P. The Kramers Oscillator Revisited. Lecture Notes in Physics 2000; p. 280-291 
[10] Crandall SH. Non-Gaussian Closure for Random Vibrations of Non-Linear Oscillators. .International Journal of Non-Linear Mechanics   
         1980; 15, p. 303-313 
[11] Wedig, W.V. Stochastic Numerics Applied to Nonlinear Road-Vehicle Systems. CD-Proceedings of  ENOC ,  July 24-29, 2011, Rome, 
         MSǦ16 Random Dynamical Systems: Recent Advances, New Directions and Applications, ed. by Namachchivaya & Naess        
 
 
    
